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ERROR ANALYSIS O F  INPUT-NOISE-TEMPERATURE 

MEASUREMENTS OF LOW-NOISE AMPLIFIERS 

By Hans-Juergen C. Blume 
Langley Research Center 

SUMMARY 

The determination of input noise temperatures of low-noise amplifiers, such as 
masers ,  parametric amplifiers, and tunnel-device amplifiers, should be independent of 
the characteristics of the measuring system. The method presented provides means of 
determining all effects which significantly influence measurement of the output-noise
power ratio (Y-factor) of a typical low-noise-amplifier tes t  setup. The e r r o r  analysis 
of the Y-factor method illustrates the e r r o r  propagation which occurs in the derivations 
of the input noise temperature and gives an estimate of the maximum e r ro r .  The general 
concepts used in determining these influences and the e r r o r  propagation a r e  applied to 
reflection-type amplifiers. Numerical examples demonstrate the value in considering 
all elements which (a) affect the calibrated noise power along the transfer path from the 
noise source to the amplifier under test  and (b) add noise power along the path from the 
amplifier to the noise indicator. The e r r o r  analysis applied to  the examples revealed 
that for minimization of the input-noise-temperature e r ro r ,  accurate knowledge of the 
losses and temperatures is more important than obtaining extremely high ratios of the 
hot- to  cold-noise-source temperatures. A comparison between the input noise temper
ature determined by considering all influencing effects and the input noise temperature 
determined without considering these effects for a typical low-noise measuring system 
for reflection-type amplifiers revealed a considerable difference. 

INTRODUCTION 

The input noise temperature of a device is frequently determined by measuring the 
output-noise-power ratio Y with two calibrated noise sources applied at the input. This 
procedure is called the Y-factor method. The output noise levels depend not only upon 
the input noise powers and the internally generated noise of the device under test  but also 
upon the power-transfer characteristics of the network elements before and after the 
device under test. Normally, the noise figure and gain of the amplifier stage following 
the device under test  a r e  considered and all other effects a r e  neglected. These effects 
do not introduce significant e r r o r s  as long as the input noise temperatures are higher 



than 1000° K. However, the development of low-noise, reflection-type amplifiers, such as 
masers,  parametric amplifiers, and tunnel-device amplifiers, has  reached a state of such 
low excess noise levels that the determination of the input noise temperature becomes 
very inaccurate if  the influencing effects of the network elements before and after the 
amplifier under test are not taken into account. 

It is the purpose of this paper to  point out possible effects which influence the accu
racy of the Y-factor method and to include these effects in the determination of the input 
noise temperature. This paper also evaluates the accuracy of the input noise tempera
ture  determined by this method with an error-propagation calculation which takes into 
account the measuring inaccuracies of these effects. This evaluation method is applied 
to  a typical Y-factor measuring setup for negative-resistance amplifiers. Numerical 
examples for a test  setup used to  measure the input noise temperature of liquid-nitrogen
cooled parametric amplifiers demonstrate the necessity of considering all effects which 
influence the determination of the input noise temperature from the measured Y-factor 
and indicate that e r r o r s  as large as 100 percent may exist. 

The author wishes to  thank Prof.  Dr.-Ing. Habil. Kurt Lamberts, Associate 
Professor of Technische Hochschule, Braunschweig, West Germany, for valuable dis
cussions about the tes t  set. 
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SYMBOLS 

relative e r r o r  of mismatch factor a! 

phase angle, degrees 

noise figure 

gain o r  gain factor 

relative e r r o r  of gain factor G 

isolation from port 3 to port 2 of circulator 1 

Boltzmann's constant 

dissipation loss 

noise power, watts 
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N'' 

P 

PC 

PH 

P 

T 

TC2 

Te 

Tf 

t 

noise power from matched load of circulator 2, watts 

portion of N c ~  reflected toward amplifier under test, watts 

leakage of noise power N c ~  f rom port  3 to  port  2 of circulator 1, watts 

available output noise power of dissipative elements, watts 

available output noise power of reflective elements, watts 

measured output noise power, watts 

measured output noise power when cold noise source is connected, watts 

measured output noise power when hot noise source is connected, watts 

e r ro r  in percent 

noise temperature, degrees Kelvin 

equivalent noise temperature caused by matched load at circulator 2, 
degrees Kelvin 

effective noise temperature, degrees Kelvin 

false noise temperature, degrees Kelvin 

ambient temperature, degrees Kelvin 

ambient temperature of matched load at circulator 2, degrees Kelvin 

room temperature, degrees Kelvin 

variables 

measured output power ratio of two different noise sources 

mismatch factor, except in equation (3) where (Y is damping constant 
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A 

Af 
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Subscripts: 

relative e r r o r  of phase angle b 


ref lection coefficient 


relative error of reflection coefficient I? 


absolute e r ror ,  except for bandwidth Af 


bandwidth, hertz 


relative error of Y-factor 


relative e r r o r  of ambient temperature t 


relative e r r o r  of dissipation loss L 


relative e r ro r ,  general 


relative e r r o r  of noise temperature T 


quantity related to cold noise source and line through to switch 


modified quantity related to cold noise source and line through to switch 


reference planes 


quantity related to hot noise source and line through to switch 


modified quantity related to  hot noise source and line through to switch 


noise sources, general 


reference-plane index; n = 1,2,3,. . . 


modified quantity related to line between switch and amplifier under test 


modified quantity related to line between amplifier under test  and indicator 




Superscripts: 

j =  J-1 
2 length of line, meters  (see eq. (3)) 

Y-FACTOR METHOD 

The Y-factor method, as described in reference 1, pages 34 t o  36, and reference 2, 
is the most common method for the determination of the input noise temperature of low-
noise amplifiers because of the well-defined noise-source temperatures. The accuracy 
of determining the input noise temperature of low-noise amplifiers is closely related to  
the measuring setup, which is, in the general case, a chain of cascaded networks. The 
output noise power P is determined by the gain and equivalent-noise-temperature 
parameters of the chain shown in figure 1 as follows: 

P = k Af TN G1G2 . . . Gk . . . Gm) + Ti(G2G3. . % .  . . Gm)C (  

+ Tz(G3.  . . % .  . . Gm) + . . . + Tk(%+i . . . Gm) + . . . + TmJ 

where k is Boltzmann's constant, Af represents the bandwidth of the cascaded net
works, TN is the noise temperature of the noise source at the beginning of the chain, 
and T1 to  Tm are equivalent output temperatures of the noise power which is gener
ated internally in each two-port network. The gain factors G1 to  Gm may be applied 
to  active or passive networks with reflection losses, dissipation losses, o r  gain. When 
the gain-factor products are replaced by the multiplication series notation, equation (1) 
changes to  

m m 
P = k A f  TN fl G n + T 1  G n + .  . . + Tk( n=l n=2 n=k+l 

In the evaluation of Gn and Tn for passive networks, it is of special importance 
to differentiate between reflection losses and dissipative or ohmic losses. Ohmic losses, 
produced by lossy elements such as lines, not only decrease the transmitted noise power 
but also generate their own noise power, in accordance with the relation of reference 3, 
page 16 
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where N’ denotes the available output noise power; N, the available input noise power; 
tn, the ambient temperature of the lossy line element; and eaz = L, the dissipation 
power loss as defined in reference 4, pages 462 to  466. The symbol (Y is the generally 
used symbol for damping constant and is not to be mistaken for the mismatch factor in 
the equations that follow. The first te rm of the right-hand side of equation (3) repre
sents the attenuation due to ohmic losses and the second te rm represents the noise 
power which is generated internally. The reflection losses, however, only decrease the 
transferred noise power by mismatching and form no additional noise source. The 
available output noise power after reflection can be expressed according to the relation 

where a! denotes the mismatch factor (ref. 5, p. 191). Multiple reflections between 
reflection points a r e  neglected because this influence is very small if the mismatch fac
tor is kept close to unity, as is usually done for low-noise-temperature measuring setups. 

Since the reflection losses affect the propagating noise power differently than do the 
dissipation losses, it is necessary to divide the measuring setup into cascaded two-port 
networks, as indicated in figure 1. The number of two-port networks depends on the 
number of reflection locations and on the number of sections with different gain in the 
measuring setup. Possible reflection locations are ,  for example, waveguide switches, 
connectors, waveguide junctions, input and output ports of circulators, and attenuators. 
The measuring setup is divided as follows: The lossy section between any two consecu
tive reflection locations is an independent two-port network where the first reflection is 
included in this network and the second reflection is included in the following network. 
Figure 2 shows the division of the first part of the chain, with the noise source and fol
lowing waveguide sections. The noise source with noise temperature TN has the 
available noise power 

in reference plane 1. The following network 1 has the loss factor L1, the mismatch fac
tor a!l,and the ambient temperature t l .  The noise power delivered to reference 
plane 2 is, according to equations (3) to (5), 

By substituting 
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and 

tl(l - &) = T1 

equation (6) reduces to  

The determination of the noise power after m two-port networks leads to  equa
tion (2). If the kth network is an amplifier with noise figure and gain, equation (7) 
changes to  

1 

Gk = GkCYk (10) 

where $ is the amplifier gain under matched conditions, and equation (8) changes to  

where Fk is the noise figure of the kth network, and to is the room temperature. For 
reflection-type amplifiers, the mismatch factor CYk is already included in the gain. 

The mismatch factor CY can be determined from the measured reflection coeffi
cients. In general, it is possible to  open the line at the reflection location and measure 
the reflection coefficients in both directions, as illustrated in figure 3. The short termi
nations are provided to measure the loss factors Lz-1 and Lz and the reflection 
coefficients and rz2of the 2 th network with the method described in reference 4, 
pages 471 to  476. The numerical indices of the reflection coefficients of the Zth network 
apply as indicated in figure 3. The mismatch factor is, according to reference 6, 
page 866, 

L 

All t e rms  in equation (2) are reduced to quantities which can be measured and/or 
calculated. 

As previously indicated, the Y-factor represents the ratio of the measured output 
noise powers of two different noise sources; that is, 
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where PH and Pc are the indicated noise powers at the end of the chain of networks, 
as shown in figure 4. The two calibrated noise sources with noise temperatures TC 
and TH have the available noise powers 

These noise powers are changed according to the network parameters GIC and TIC, 

G2C and TaC, to Ggc and Tgc  in the setup from the cold noise source to the wave
guide switch with the subscript g or  according to the parameters G ~ Hand T ~ H ,  
G ~ Hand TzH, to GgH and T g ~in the setup from the hot noise source to the wave
guide switch. In the block diagram of figure 4, only two two-port networks a re  shown in 
each side of the setup between the noise source and the switch. The number of two-port 
networks depends, however, on the number of reflection locations and the number of ele
ments having different loss  characteristics and temperatures. To the right of the switch, 
the two-port networks are like those described in figure 1. Two noise-power indica
tions PC and PH a r e  possible, depending on the noise source to which the res t  of the 
system is switched. By applying equation (2) to the two different noise-source possibil
ities, the following equation pair is obtained: 

m m 

G n + T 1 ~r[ Gn+TZH G n +  . . . +  Tk G n +  . . . +  
n=lH n=2H n=3H n=k+1 

m m 
G n + .  . . + T k  G n + .  . . 

n=lC n=2C n=3C n=k+1 

The second subscripts H and C refer  to  the networks connected to the hot noise 
source and cold noise source, respectively, as also indicated in figure 4. The portion of 
the output noise power at the end of the cascaded networks due to any one of the two-port 
networks following the switch with the subscript g can be calculated by inserting equa
tions (15) into equation (13) and solving for the selected network noise power. The sym

bol Tk denotes the equivalent temperature of the output noise power caused by the 
noise generated in the kth network. This network is assumed to be the amplifier under 
test. The portion of the indicated noise power due to this selected amplifier is then 
defined by the following output noise temperature: 
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TH fl Gn+ T ~ Hfl Gn + . . . + Tk-1 Gn + Tk+l fl Gn + . . . + Tm 

Tk f G,= 
n=lH n=2H n=k n=k+2 

n=k+l Y - 1  

m m 

Y(.. fl Gn + T I C  r[ G n +  e . . + Tk-1 fl G n +  Tk+l G n +  . . 
n=lC n=2C n=k n=k+2-

Y - 1  

In general, the noise characteristics of low-noise amplifiers are expressed in t e rms  of 
input noise temperatures. Therefore, the portion of the indicated noise power due to  the 
kth network has to  be transformed in te rms  of noise temperature to  the input of the 

amplifier under test  by dividing both sides of equation (16) by Gn. The left side is 
n=k 

then T k k  and 

where T is the input noise temperature of the amplifier under test. The right side of 
equation (16) likewise changes so that 

k- 1 k- 1 

T =  n=k 
Y - 1  

k- 1 k- 1 
1 + . . . +  Tm-G n + T l C  Gn + + Tk-l + Tk+l G ~ G ~ + ~  

n=lC n=2C 

n=k 
Y - 1  
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This equation shows that all noise temperatures due to noise generation along the cas
caded networks a r e  fictively transformed by the remaining portions of the gain ser ies  to  
the input of the amplifier under test. To simplify equation (18) for error-propagation 
calculations, these fictive quantities a r e  introduced as modified noise temperatures. The 
sum of the t e rms  with subscripts H to gH in equation (18) represents a modified 

noise temperature Th due to noise generated in the hot noise source and the following 
networks up to the switch; that is, 

The sum of the t e rms  with subscripts C to gC in equation (18) represents a modified 
noise temperature Tc due to  noise generated in the cold noise source and the following 
networks up to the switch; that is, 

The noise generated between the switch network g and the amplifier under test  (net
work k) has a modified noise temperature 

The modified temperatures Th + T, and T, + T, a r e  the noise temperatures of the 
noise powers actually available to the amplifier under test. The remaining te rms  of 
equation (18) may be replaced by the modified temperature T, as follows: 

1 iI 
Tz = Tk+l + .  . . + T m +

GkGk+l 

n=k 

With this notation, equation (18) simplifies to  

Th + T, + T, - Y(Tc + T, + TJ 
T =  

Y - 1  
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or  

Th - Y Tc 
T =  Y - 1  - Tx - Tz (24) 

The frequently used expression for the effective noise temperature of a receiver system 
is 

Te = T + Tz 

If the changes of the noise temperatures from TH to  Th and from TC to Tc are 
negligible and if Tx is small  with respect to Te, equation (24) changes, with substitu
tion of equation (25), to  the following well-known expression for the determination of the 
effective noise temperature from the measured Y-factor of the system under test: 

TH - Y TC 
Te 

Y - 1  

The effective noise temperature Te is an appropriate and convenient quantity for the 
evaluation of the performance of complete receiving systems. In many cases, however, 
such as laboratory investigations on low-noise preamplifiers, determination of the noise 
temperature of individual devices, and calibration of noise sources, it is important to 
determine the input noise temperature alone. Then, a careful determination of all the 
different effects shown in equation (18) must be made. How accurate this determination 
has to  be can be evaluated with the calculation of e r ro r  propagation. 

ERROR ANALYSIS O F  THE Y-FACTOR METHOD 

The accuracy of the calculation of the input noise temperature by using the Y-factor 
measurement can be determined by means of the general linear error-propagation equa
tion in the differential form 

af(x,y,z,. . .) Ax af(x,y,z,. . .) AY af(x,y,z,. . .) Az 

or in the relative-error-notation form 

” /  x V Z 



where 5 is the relative e r r o r  of the function f(x,y,z,. . .); Ax, Ay, and Az repre
sent the absolute e r rors ;  and tx, e,, and tZ a r e  the relative e r r o r s  of the variables 
x, y, and z .  Some measuring e r r o r s  enter into equations (7), (8), ( l l ) ,  and (12). From 
there, the e r r o r s  propagate through equation (18) to equation (24). Because of the com
plexity of this error propagation, a step-by-step analysis from the measurement e r r o r s  
to the relative e r r o r  of the input noise temperature will be made. 

The first step in  the e r r o r  analysis is the determination of the relative e r r o r  az 
of the mismatch factor cyz of the 2 th network from the measured reflection coeffi
cients. Equation (12), which is a function of four independent variables (the absolute 
values of the reflection coefficient l? and the respective phase angles bzl and bz2), 
is inserted into equation (28). The lengthy but straight-forward calculation is given in 
appendix A. For the most likely case that the relative amplitude e r r o r s  yzl and yz2 

of Il?zll and lrz21 a r e  equal and the relative phase e r r o r s  pz1 and pz2 of the 
phase angles bzl and bz2 a r e  equal, the relative e r r o r  of the mismatch factor of the 
Zth network is 

The second step is the calculation of the relative e r r o r  gz of the gain factor G 
of the example network 2 .  Equation (7) is introduced into equation (27). Taking the 
derivative and rearranging yields 

where XI is the relative e r r o r  of the dissipation loss Lz of the Zth network. Because 
the relative e r r o r  can be positive or negative, the maximum e r ro r  is assumed to be 

The third step is the calculation of the relative e r r o r  ?z of the noise tempera
ture TI defined by equation (8). The relative e r r o r  of the ambient temperature ti is 

81. Inserting equation (8) into equation (28) and rearranging yields 
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It is very important to measure small  losses Lz with the highest. possible accuracy to 
avoid large relative e r r o r s  TZ. 

The fourth step is the determination of the relative e r r o r s  of the modified noise 
temperatures Th, T,, T,, and T, defined by equations (19) to (22). The derivation 
of the relative e r r o r  Th of the modified noise temperature Th is presented in detail 
in  appendix B with the aid of error-propagation equation (28). The result is 

applying the same method of appendix B to the modified noise temperatures Tc, T,, 
and T, gives 

T~ (-+,kc+ 5' g $ + T l C  lf G n ( T 1 c +  g.)..TgC G n k g C +  ?' 
TC = n = l C  n = l C  n=2 C n=2C n=g+l  n=g+l  (34) 

T C  7G n +  T I C  b1G n + .  . . + T g c  Gn 
n = l C  n=2 C n=g+l  

. .  
n=k _ .  

Tk+l + .  . .+- T m  
Gk Gk+l  m 
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The fifth and final step in the e r r o r  analysis is the determination of the relative 
e r r o r  7 of the input noise temperature T of the device under test. Equation (23) is 
rearranged to yield 

Th + T, + T + T,
Y =  

Tc + Tx + T + Tz 

Inserting this equation into equation (27) results i n  

ATh ATC
E =  

Th + Tx i-T + T, Tc + T, + T + T, 

+ 	 Tc - Th 
(Th + Tx + T + T,) (Tc + Tx + T + T,) 

(37) 

+ AT + AT 

where E is the relative e r r o r  of Y ,  and ATc, ATh, AT,, AT,, and AT are the 
absolute e r r o r s  of the modified noise temperatures and of the input noise temperature of 
the device under test. Solving for AT in equation (38) and for T in equation (37) and 
then forming the ratio AT/T yields 

Tx Tz T Tx Tz Tc T,- + - + - + 1T, 
+ 
m 

3 (%+ -T + -T 
-

+ 1) 
E +  

T T 
m 

T 
T =  

Th Tx T~-+ - + - + 1  
+ T T T TX TZ 

Th 1 7c + -T 7x + TTz (39) 
m 

Only positive values a r e  considered and therefore maximum e r r o r s  a r e  obtained. The 
f i rs t  term in equation (39) has a minimum at 

T = J(Th + T, + T,) (Tc + Tx + T,) 

The other te rms  a r e  hyperbolic functions in T; that is, the relative e r r o r  increases 
rapidly with decreasing input noise temperatures. It can be seen from equations (39) 
and (40) that in order to move the minimum conditions of equation (40) to low input noise 
temperatures T, T, + T, must be very small in comparison to % and Tc, the 
ratio %/Tc must be large, and the product ThTc must be small. The denominator 
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of the second te rm in equation (39) is not changed appreciably by the requirement that 
Th/Tc be very large. Therefore, it is suggested to  make T > Tc. The last three 
t e rms  also become small  under this condition. However, the most direct approach for 
minimizing T is to  make E ,  Th, +rC, T ~ ,and T~ small. 

This e r r o r  analysis of the input noise temperature of the device under test in the 
general Y-factor measuring setup of figure 4 showed not only that consideration of the 
e r r o r s  of the mismatch factor, gain, and noise temperature is important but also that the 
ratios Th/Tc and T/Tc have an effect on the minimization of e r r o r  propagation. 

APPLICATION TO NEGATIVE -RESISTANCE AMPLIFIERS 

The general concept of Y-factor measurement was applied to the more specific 
case of a low-noise, negative-resistance amplifier, such as a maser,  parametric ampli
fier, o r  tunnel-diode amplifier. A typical measuring setup is shown in figure 5 in the 
form of a block diagram. This diagram will be used as a guide to  calculate the noise 
parameters in  equations (7) to (22) for the numbered locations 1 to 12. The line elements, 
such as line switch, circulators, and amplifiers, are connected by means of rectangular 
waveguides or  coaxial lines between the reference planes. For simplicity, the lossy sec
tions of the circulators are also designated as waveguides. The reference planes 1 to 1 2  
indicate locations of possible reflections. 

The resistances of the noise sources, closely matched to  the impedance of the 
waveguide, deliver to plane 1 the noise powers of the hot and cold noise sources. 
Because of reflections in plane 1 and losses in lines 1-2, the gain factors a r e  

HG ~ H  @l= -
LIH 

Losses in lines 1-2 in the I'hotT1and "cold" sides of the setup generate noise powers 
which depend on the ambient temperatures t l H  and tic. A temperature gradient may 
exist in lines 1-2  so that the average temperatures 

may be used as approximations if  the losses are small. The symbol TC is the tem
perature of the cold noise source, TH is the temperature of the hot noise source, t iH 
is the temperature of the hot waveguide 1-2 in reference plane 2, and tic is the tem
perature of the cold waveguide 1-2 in the same reference plane. The noise temperatures, 
according to equation (a), a r e  
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Reflection point 2 and switch 2-3 cause the next change. The gain factors are 

a2c
G2C = (44) 

where a2H is the mismatch'factor in reference plane 2 of the hot line, 0 ~ 2 ~is the 
mismatch factor of the cold line in the same plane, and L2H and L2c  a re  the respec
tive dissipation losses. The noise temperatures due to dissipation losses a r e  

T2H = t2H (1 -&) T2C =t2c(1 -&) (45) 

where t2H and t2c a r e  the ambient temperatures of the two positions of the switch. 
A distinction between hot and cold lines is not necessary after reference plane 3. The 
respective noise temperature and gain factor for the next line a r e  

T3 = t3 (1 - &) 
Waveguide 4-5 is the circulator section between ports 1 and 2 with the noise temperature 
and gain factor 

@4G4 = - (47)
L4 

From port 2 to the input of the amplifier under test, the noise temperature and gain 
factor a r e  

T 5 = t 5 ( 1 - & )  G5 = 05-
L5 

For negative-resistance amplifiers, such as masers  and cooled parametric amplifiers 
immersed in liquid coolant, the temperature t5  must be approximated as shown in 
equations (42) or may be more accurately calculated as reported in  reference 7. The 
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amplifier under test has the gain G6. Introducing equations (41) to  (48) into equa
tions (19) and (20) yields the following modified noise temperatures Th and Tc for 
the setup under consideration: 

Th = TH OL1Ha2H%0L4a5 + "2Ha30L40L5 
L1HL2HL3L4L5 2 L2HL3L4L5 

OL1Ca2Ca3"4OL5 + 
Tc = TC L1cL2cLCJLqLg 2 


Applying equations (46) to (48) to equation (21) results in 

where Tc2  is the equivalent noise temperature caused by the matched load at circu
lator 2. 

In many measuring systems, an additional circulator or isolator is provided to 
stabilize reflection-type amplifiers. Circulator 2 of figure 5 is used for this purpose. 
Its third port is terminated with a matched impedance. This impedance generates the 
noise power 

where tc2 is the temperature of the impedance. This noise power is delivered toward 
the noise sources. Portions of it a r e  reflected at planes 4, 3, 2, and 1 and cause an addi
tional noise power that appears in the input of the amplifier under test as 

(l - "3)"4"5 + (l - "2)"3"4"5 + (l - OL1)"2"3"4"5 
N b 2  = NC2 L32L4L 5 L22L32L4L5 L12L22L32L4 L51 (53) 

The first te rm in the brackets represents the portion reflected at plane 4 and attenuated 
by the losses in line 4-5, by the reflection at plane 5, and by the losses in line 5-6. The 
second term is the portion of the noise power reflected at plane 3 and attenuated by the 
line elements 3-4, 4-5, and 5-6 and by reflections at planes 4 and 5. The third te rm 
gives the portion reflected at plane 2 and attenuated according to  the following ohmic 
and reflection losses. The last te rm represents the portion of the noise power reflected 
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at plane 1 and attenuated by the dissipation and reflection losses up to reference plane 6. 
Equation (53) does not take into consideration multiple reflections at planes 5, 4, 3, 2, 
and 1. This omission is permissible because the reflections in those planes a r e  very 
small  in  measuring setups for low-noise amplifiers. The ohmic losses and the mis
match factors of equation (53) can also be neglected in most cases  because of their slight 
influence on the small  amount of reflected noise power. How small this influence is can 
be determined from the loss and gain data of table I. Then equation (53) simplifies to 

Another portion of NC2 leaks through circulator 1 against the direction of power trans
fer, according to the isolation -' , toward the amplifier under test  and is given by

gc1  

Because this effect is not related to any power dissipation, no excess noise generation 
occurs. The reflection at  plane 5 and the loss  in line 5-6 can be neglected here because 
of the greater influence of -. The sum of the noise powers of equations (54) and (55)

gc1 
has an equivalent noise temperature 

The effects of the networks following the amplifier under test a r e  considered in the 
modified temperature T,. This is the first time that gain of the amplifiers of the mea
suring system enters into the calculation. Because the mismatch factors a! a r e  usually 
very close to unity for systems used to  measure low input noise temperatures, they a r e  
neglected in comparison to the gain of the amplifier under test. Therefore, only the dis
sipation losses in lines 7-8, 8-9, and 9-10 a re  considered. The respective noise temper
atures a re  
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and the gain factors become 

G7 = -1 G8 = -1 Gg = -1 
L7 L8 L9 

where L7 is the dissipation loss  in the reverse direction of line 5-6. The preamplifier 
of figure 5 is another reflection-type amplifier. Circulator 3 separates the incident 
power from the reflected power. The noise temperature of the preamplifier is, according 
to equation (ll), 

where to is the room temperature (292O K) and F10 is the noise figure. The 
increased gain provided by the preamplifier is required for keeping the noise contribu
tion of the following networks small. A s  can be seen from equation (62), all noise t e rms  
of the networks following the preamplifier a r e  divided by the combined gain G6 G10 of 
the amplifier under tes t  and the preamplifier. The circulator section 11-12 contributes 

T 1 1 =  tll(1 - &) G11 = -1 
L11 

In most cases, a mixer-amplifier combination is necessary to  convert the high frequency 
to  a convenient 30-MHz o r  60-MHz IF, as shown in figure 5. The mixer stage has the 
noise temperature 

T12 = (F12 - 1)toG12 

The rest of the noise powers generated by the precision attenuator and the 30-MHz 
receiver are of no importance because the modified noise temperature Tz is not 
appreciably affected by this portion of the circuit after division by all gain factors 
according to equation (22). Substituting equations (57) to  (61) into equation (22) results in 

L L L L  
G6+ (F1o - gt0  L7L8L9 

+ (F12 - ') to G6G10 l1 (62) 
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In general, the temperature t8, tg, and t l l  are room temperatures and can be 
replaced by to. Equation (62)indicates that with high gain G6, the first four t e rms  
become small. The effect of the last two t e rms  is very small  if the product of G6 and 
G10 is sufficiently large. Also, the influence of the last three te rms  can be held small  
for low gain G6 if the noise figure F10 is small and the gain G10 is sufficiently 
high. 

The precision attenuator, together with the IF receiver and indicator, enables mea
surements of the Y-factor. Usually, the attenuator is calibrated in decibels, and the 
resetting of the indicator position by the attenuator variation after the noise sources a r e  
switched gives 

The antilog of the reading is the Y-factor of equation (24). 

If a measuring setup differs from that shown in figure 5, the number of t e rms  shown 
in equations (49),(50),(51), and (62)must be modified according to the complexity of the 
system. 

NUMERICAL EXAMPLES 

The measuring system shown in figure 5 was used for the determination of the 
input noise temperature of parametric amplifiers cooled with liquid nitrogen. The two 
noise sources were maintained at TH = 390° K and TC = 77' K. All the reflection 
and ohmic losses of the lines, switch, and circulators were measured and a re  given in 
table I. The interconnections were coaxial rigid lines or cables. The separations of the 
losses into reflection losses and ohmic losses were achieved by the measuring method 
described in reference 4, pages 462 to 476. These numerical separations showed that the 
ohmic losses produced the major portion of the change from the noise-source tempera
ture to  the available noise temperature at the input of the amplifier under test. Line 5-6 
was partially at the temperature t i  of 77' K because of immersion into liquid nitrogen. 
Inserting the appropriate values of table I into equations (41)to  (62)gives the modified 
noise temperatures which appear in the last column of table I. By substituting these 
values into equation (23), the following expression for the input noise temperature is 
obtained: 

T =  374.8 - Y130.4 (64)Y - 1  
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It is obvious from equations (26) and (64) that the noise temperatures of the noise sources 
are modified toward the ambient temperature of the lossy elements. In this case, the 
ambient temperature was to = 292O K. If it is important to minimize these temperature 
changes, for example, to  eliminate the e r r o r s  in T,, it is recommended that the switch 
of figure 5 be placed just in front of the amplifier under test. For this case, all lines 
between the noise sources and the amplifier under test, as well as circulator 1, must be 
doubled. Each circuit would then be kept at the temperature of the noise source to which 
it is connected. Another switch on the output ports of the two circulators replacing 
circulator 1 would be required to connect line 9-10. 

In order to show how the accuracy of T is influenced by many factors, two cases, 
case A and case Bywith different e r r o r s  a re  postulated for three different temperature 
conditions. Case A refers  to the measuring setup of figure 5 with the data of table I and 
with the following measurement e r rors :  

10 log(Xn + 1) = 0.02 dB 

10 lOg(g6 + 1) = 10 lOg(gl0 + 1) = 0.1 dB 

712 = 2.3 X 

E = 0 .71  X 
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Case B also refers to  figure 5 and the data of table I, but with the following lower errors: 

10 log(hn + 1) = 0.005 dB 

Atn = 2' K 

T~~ = 0.66 X 

E = 0.71 X 10-2 

The measurement accuracies of case A are not too high and are achievable with good 
instruments. The e r r o r s  y of the very low reflection coefficients of table I could be 
kept smaller than 10 percent with the method described in reference 4.  The e r r o r s  p 
of the phase angles could likewise be kept smaller than 6 percent. Equation (29), how
ever, indicates that the smaller the reflection coefficient, the higher the e r ro r  can be for  
the same e r r o r  of the mismatch factor. A loss e r r o r  h of less  than 0.02 dB is not dif
ficult to realize. A loss  e r r o r  of this magnitude introduces large e r ro r s  in the noise 
temperatures if the losses are very small  and h stays the same as equation (32) shows. 
The absolute temperature e r r o r  of 1' K of the noise sources is no problem if boiling 
liquids or regulated heat sources are used. The absolute temperature e r r o r  Atn is 
related to  the variation of the room temperature and is approximately equal to  the 
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sensitivity of a good air-conditioning system. The symbols T~~ and 712 are the 
relative e r r o r s  of the noise temperatures of the preamplifier and the mixer derived from 
the 0.02-dB noise-figure accuracy of the preamplifier and the 0.1-dB noise-figure accu
racy of the mixer. The e r r o r  E of the Y-factor is determined from the short-time gain 
stability of the system of 0.02 dB and from the accuracy of the precision attenuator of 
0.011 dB. The e r r o r  assumptions in case A a r e  reasonable for normal laboratory condi
tions. For case B, the requirements on the accuracies of the different quantities a r e  
more stringent but can be satisfied with precision instruments and very careful consid
eration of temperature conditions. The Y-factor e r ro r  E is kept conservative at the 
same value. It could be improved to 0.25 X by using very stable amplifiers, a stable 
receiver, and a precision attenuator with light indicators. The following table shows the 
three noise-source conditions for both cases A and B: 

Condition 

1 77 
2 4.2 
3 4.2 SI 

The determination of the relative e r ro r  T of the input noise temperature is simi
lar to the evaluation of equation (18) for the negative-resistance-amplifier condition of 
figure 5. The same index restrictions according to figure 5 a re  applied to e r ro r -
propagation equations (29) to (36). After insertion into these equations of the data of 
table I and the e r r o r  data for cases A and B (conditions 1 to 3), the data of table I1 a re  
obtained. The introduction of the data of table 11into equation (39) results in the curves 
of figure 6, which represent the maximum input-noise-temperature e r ro r  in percent as a 
function of the input noise temperature. Curve 1 of case B is for the condition which w a s  
realized in the measuring setup of figure 5 for parametric amplifiers immersed in liquid 
nitrogen. The other curves a re  for simulated conditions to show the different influences 
of the hot- and cold-noise-source temperatures and the e r rors .  The curves illustrate 
very well that the ratio TH/TC is not as important as it seemed to  be at first glance at 
equation (39). For curve 2 the ratio T H / T ~  is about 18, and for curve 1 it is about 5. 
It is obvious in both cases A and B that the use of liquid helium as the coolant for the cold 
noise source in condition 3 lessens the e r r o r  considerably for T < 100' K but only 
slightly for T > looo K. A comparison of cases A and B shows very well that the 
improvement in measuring accuracies of the basic quantities results in lower e r r o r s  in 
the region of input noise temperatures above 50° K but does not contribute much in the 
region below 20° K. The very rapid increase in e r r o r s  around 30° K is alarming. This 
characteristic of e r ro r  propagation should not be underestimated, especially in maser 
investigations. The relative e r r o r s  would become smaller if the test  setup of figure 5 
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were instrumented for frequencies of 2 to 10 GHz with low-loss rectangular waveguides 
and improved circulators. Above this frequency, the relative noise-temperature e r r o r  
increases again because of larger waveguide losses and increased measuring e r rors .  

These examples demonstrated that stable and accurate test instruments, stable 
noise sources, and the choice of one noise source of low temperature result in a mea
suring system that is fairly accurate in  spite of all the error possibilities. To utilize 
this accuracy of the Y-factor method, it is important to consider carefully all effects pre
viously mentioned, as is demonstrated in  the following example. When all the reflections, 
ohmic losses, temperature uncertainties, and so forth, in equations (41) to (62) are neg
lected, as is frequently done for the measurement of relatively high input noise tempera
tures  (greater than 10000 K) and sometimes also for low input noise temperatures, the 
input noise temperature of equation (18) reduces to a false input noise temperature as 
follows: 

TH - Y T c  FJJ - 1 F 1 2 - 1 
Tf = (65)

Y - 1  G6 G6G10 

Using in equation (65) the values in table I for F10, F12, G6, and G10 and the 
unchanged noise-source temperatures TH and TC of condition 1 results in 

The relative e r r o r  is expressed by the equation 

Tf - T p = - 100
T 

By eliminating the output power ratio Y from equations (64) and (66) and satisfying 
equation (67), the relative error  p for noise-temperature condition 1 is obtained. 
The corresponding curve is shown as a dashed line in figure 6 and is identified by 
equation (67). In both cases A and B, the differences between the curve of the rela
tive e r r o r  T of condition 1 and the curve of the relative e r r o r  p of the simplified 
equation (65) a re  moderate to the right of T = 800° K and increase rapidly as T 
approaches 50° K. For example, curve 1 of case B indicates a maximum e r ro r  of only 
11 percent at T = 1000 K, for which the relative e r ro r  p is about 110 percent. To the 
left of T = 50° K, all curves show considerable e r r o r s  which a r e  not worth being com
pared in this paper. 

It must be emphasized that the e r r o r s  expressed by equation (39) and presented 
in figure 6 a r e  the maximum e r r o r s  which result from the most unfavorable e r r o r  
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propagation. That is, all e r r o r s  are derived from the maximum uncertainties of the 
measurements and, in the process of following the error propagation through to equa
tion (39), all relative e r r o r s  are added up as absolute values. In a complex measuring 
system with many components, such as the system shown in figure 5, it is very likely that 
the calculated maximum e r r o r  never occurs. However, the calculated e r r o r  for the 
simplified equation (65) is fixed and does not depend on probability conditions. 

The foregoing examples indicate again not only that all the effects before and after 
the amplifier under test  have to  be included in the determination of the input noise tem
perature from the Y-factor measurement but also that these effects must be determined 
with the highest possible accuracy, especially for amplifiers with noise temperatures 
less than looo K. 

CONCLUDING REMARKS 

The present state of the art in building stable systems, precision attenuators, and 
stable noise sources results in an e r r o r  of the Y-factor method of l e s s  than 10 percent 
for an input noise temperature higher than looo K when noise-source temperatures 
of 77O K and 390° K a r e  used. To achieve this accuracy, all the effects which influence 
the noise power must be included when the Y-factor method is used. The numerical 
examples demonstrated the value in considering all elements which affect the calibrated 
noise power along the transfer path from the noise sources to  the amplifier under test. 
The best way to avoid a drastic change from the noise-source temperature to the avail
able noise temperature at the input of the amplifier under test  is to  keep the losses as 
small as possible, especially the ohmic losses, which produce the major portion of the 
change. An e r r o r  analysis of the numerical examples revealed that the maximum e r ro r  
of the input noise temperature can be kept small by decreasing the measuring e r r o r s  of 
the basic quantities of the measuring system. However, the e r r o r  increases rapidly 
when input noise temperatures less than 50° K a re  approached. A comparison between 
the input noise temperature determined by considering all influencing effects and the 
input noise temperature determined without considering these effects for a typical low-
noise measuring system for reflection-type amplifiers revealed a considerable difference. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Station, Hampton, Va., September 13, 1968, 
125-22-03-02-23. 
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APPENDIX A 

ERROR PROPAGATION FROM MEASURED REFLECTION 

COEFFICIENT TO MISMATCH FACTOR 

The determination of the reflection coefficient consists, in  most cases, of the mea
surement of the absolute value and of the phase angle. For reasons of simplifying the 
notation of the following equations, the absolute values of the reflection coefficient will be 
r21 and rZ2,in deviation from the notation in  equation (12). The phase angles are bll 
and bZ2. The calculation of the e r r o r  propagation from the measured reflection coeffi

cient of the Zth reflection location (fig. 3) to  the mismatch factor cy2 is performed with 
the aid of the e r r o r  equation 

r =rmeasured 
1 - Y  

In other words, the value of r to be considered in the calculation is uncertain by the 
factor 1 - y, where y, the relative e r r o r  of r, is 

AI?y = - r 

The same relative-error concept applies to the phase angle bZl and b22. With the new 
notation, equation (12) changes to 

The quantity cy!, which contains the e r r o r s  of the reflection-coefficient measurement, is 

where p21 and pZ2 are the respective relative phase-angle e r r o r s  of b21 and b12. 
The e r r o r s  are assumed to  be small  enough that any products in y or  p, such as 
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7212, r,z2, and ~~1rZ2, can be neglected. Thus, equation (A4) simplifies to  

1 -

As long as y and p are small, the approximation 

- 1 + x  
1 - x  

(where X is an expression in y or  p) is applicable and equation (A5) changes to 

By multiplying in the numerator, neglecting the product te rm in y ,  and rearranging, 
equation (A7) is simplified to 

The relative e r r o r  of q is the ratio of the difference between the uncertain value ai 
and the t rue value aZ to the t rue value CYZ and is expressed as 

Introducing equations (A3) and (A8) into equation (A9) and rearranging results in 
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Squaring the absolute-value term in equation (A10) yields 

This expression appears to be rather complex and should be evaluated for all reflection 
coefficients in question before being used in other equations. 
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APPENDIX B 

ERROR PROPAGATION FROM GAIN FACTOR AND NOISE 

TEMPERATURE TO MODIFIED NOISE TEMPERATURE 

The modified noise temperatures Th, Tc, Tx, and T, have possible uncertain
t ies  in the noise temperature and gain factor. The maximum deviation from the t rue 
value can be determined by introducing the uncertainty factors related to gn and Tn 
according to the following equations: 

\ 

Gn = Gn,measured 

Tn = Tn,measured 
1 - 7, J 

That is, the value of Gn or  Tn to be considered in the calculation is uncertain by the 
factor 1 - gn or 1 - 7n, where gn, the relative e r r o r  of G,, and 7n, the relative 
e r r o r  of T,, a r e  

7n = -ATnJTn 

Applying the notation of equation (Bl) to the first te rm of equation (19) results in 

AU relative-error product terms,  such as TH glH, glH g2H, and glH2, can be neglected 
if the e r r o r s  a r e  small (less than 10 percent). The following approximation can then also 
be applied: 

The ser ies  in (B3) then changes to 
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k-1 

TH n=lHfl G n ( + T H + n x H . )  

Introducing this error-propagation concept of (B3) to  (B5) into all te rms  of equation (19) 

results in the following maximum false value T i  of the modified noise temperature Th: 

k- 1 

+ y1 g$ + .  . .Th = TH + 7H + 1 g] + T ~ H  + 7 1 ~  
n=lH n=lH n=2H n=2H 

+TgH 

k-

fl
1 

Gn (+7gH+ 

k-1 

n=g+l n=g+l gr) 

The definition of the relative e r r o r  of Th is 

Inserting equations (19) and (B6) into equation (B7)yields 

A numerical evaluation of this complex equation is suggested for further calculation of 
the relative e r r o r  T of the input noise temperature T. 

The same method presented in detail herein applies to the calculation of the rela
tive e r r o r s  7c, 7x, and 72 of the modified temperatures T,, T,, and T,. 
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TABLE I.- LOSSES, GAINS, AND NOISE TEMPERATURES O F  A MEASURING SYSTEM 

FOR DETERMINATION O F  INPUT NOISE TEMPERATURE OF 

NEGATIVE-RESISTANCE AMPLIFIERS 

Reflection Mismatch Loss, Gain Ambient Noise rn refer red  to  
Network coefficient, factor, 

Ln 
factor, temperature temperature, input of device 

r11 % c, tn, OK Tn, OK under test, OK 

C 77 77 61.1 

1c 0.9996 1.0235 0.9757 184.5 4.2 3.4 

2 c  0 1 1.0282 0.9726 292 8.0 6.7 

H 390 390 276.7 
.. , - 

1H 0.99857 ~ 0 7 2 8  0.9308 	 341 23.1 17.6 

_ _  . 

2H 1 1.0963 0.9122 292 25.6 21.3 

3 0.99566 ..0261 0.9703 292 7.7 6.6 

4 0.99676 .0917 0.9130 292 24.5 22.9 
__- __ 

5 0.99802 .07 0.9328 184.5 12.1 12.1 
T ~ 2 = 5 . 3  

6 100 77 
. -

7 .07 0.9346 184.5 12.1 0.13 
~. 

8 .Of386 0.9357 292 18.7 0.21 

- ~- _. 

9 .223 0.8177 292 53.3 0.71 

10 50 292 711 9.95 
F10 = 5.38 db 

11 .092 0.9322 292 24.5 0.007 

12 292 4310 1.29 
F12 = 12  db 

... . 
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Nodified noisr 
temperature, 

OK 

Tc = 71.2 

Th = 315.6 

T, = 46.9 

T, = 12.3 



TABLE II.- MODIFIED NOISE TEMPERATURES AND RELATIVE ERRORS 


FOR CONDITIONS 1 TO 3 OF CASES A AND B 


7 

Case Condition Tc 

' 1 71.2 6.72x 10-2 315.6 3.56 x 10-2 i 46.9 8.48 x 12.3 14.95 X 10-2 

TC Th Th I 
TX TX Tz 72 E 


0.71 X 

.71 

.71 

0.71 X 10-2 

.71 

A 2 12.8 21.8 86.8 5.41 46.9 8.48 12.3 14.95 

3 12.8 21.8 315.6 3.56 46.9 8.48 12.3 14.95 

1 71.2 1.68 x 10-2 315.6 1.22 x 46.9 2.57 x 12.3 1.30 x 

B 2 12.8 4.9 86.8 1.47 46.9 2.57 12.3 1.30 

3 12.8 4.9 315.6 1.22 46.9 2.57 


W 
W 

12.3 1.30 1 .71 




Figure 1.- Block diagram for determination of noise temperatures in cascaded networks. 
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Figure  2.- Block diagram for networks w i t h  ref lect ion 
and dissipation losses. 
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Figure  3.- Block diagram for  derivation 
of mismatch factor. 
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Figure 4.- Block diagram fo r  Y-factor measurement. 
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Figure 5.- Block diagram of input-noise measur ing system for negative-resistance amplif ier. 
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